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Introduction
Let p i be the i-th prime. Let f (n, k) be the largest number of positive integers not exceeding n from which one cannot select k +1 pairwise coprime integers, and let E(n, k) be the set of positive integers not exceeding n and divisible by at least one of p 1 , p 2 , . . . , p k . It is clear that f (n, k) ≥ |E(n, k)| for all n, k and f (n, k) = n = |E(n, k)|+1 for n < p k . In 1962, P. Erdős [2] [3] conjectured that f (n, k) = |E(n, k)| for all n ≥ p k . It is easy to see that the conjecture is true for k = 1, 2. Let A(n, k) be a set of positive integers not exceeding n from which one cannot select k + 1 pairwise coprime integers.
In 1973, S. L. G. Choi [4] proved that for k = 3 the conjecture is true and for n ≥ 150, if |A(n, 3)| = |E(n, 3)|, then A(n, 3) = E(n, 3) (it is remarked that it is possible to prove this for n ≥ 92). In 1985, the conjecture for k = 3 is also proved by Szabó and Tóth. In 1994, R. Ahlswede and L.
H. Khachatrian [1] proved that the conjecture is false for k = 212. In the sequel, Erdős relaxed his conjecture to: For each k there are only finitely many n satisfying f (n, k) = |E(n, k)|.
In this paper we prove the following results. In particular, the original conjecture of Erdős is true for k = 4.
Furthermore 55 is the best possible. Theorem 2. Let n ≥ 7. If |A(n, 4)| ≥ |E(n, 4)|, then |A(n, 4)| = |E(n, 4)| for 7 ≤ n ≤ 48 and A(n, 4) = E(n, 4) for n ≥ 49. Furthermore 49 is the best possible.
In particular, f (n, 4) = |E(n, 4)| for all n ≥ 7.
Let F k be the set of integers which can be divided by at least one of
We pose the following conjectures:
Conjecture 2. Let k ≥ 3, l be two positive integers. For any integer a with
Conjecture 3. For any integer k ≥ 3 there exists an integer n k such that and E(2) = 9. 
In the last section we pose several open problems and a conjecture for further research.
We use induction on n. By the condition we have that 
Then one cannot select k+1 pairwise coprime integers from the set
By the induction hypothesis we have
This completes the proof of Theorem 4.
Preliminary Lemmas for Conjecture 2
Let k ≥ 3, l be two positive integers and let
Lemma 1. Conjecture 2 is true for a ∈ {−1, 1}.
Since the integers in the set
are coprime each other, we have
This completes the proof of Lemma 1.
In particular, if Conjecture 2 is true for a − 1 and a / ∈ B k,l (a) ∪ T k , then
Proof. By the assumption we have
This completes the proof of Lemma 2.
Definition 1. Let l be an integer and a 1 < a 2 < · · · < a t be integers.
{a 1 , a 2 , . . . , a t } is called a good set if (a i , a j , p 1 p 2 . . . p k ) = 1 for all 1 ≤ i < j ≤ t and a i − a j has no prime factors more than p k for any i = j.
It is clear that a good set {a 1 , a 2 , . . . , a t } is also a l-good set for any integer l. In particular, if {a 1 , a 2 , . . . , a t } is a l-good set, then
The proof follows from the definition of l-good set immediately.
Lemma 4. Conjecture 2 is true for a ∈ {p k+1 , p k+2 }.
Proof. For a positive integer n we use P (n) to denote the largest prime factor of n. By the definition, {p 1 , p 2 , . . . , p k+1 } and {p 2 1 , p 2 , . . . , p k+1 } are both good sets. By the Bertrand's postulate we have p k+2 < 2p k+1 . For
So {p 1 , p 2 , . . . , p k+1 , p k+2 } is a good set. By Lemma 3 we have 
By Lemma 2, Conjecture 2 is true for a ∈ {p k+1 , p k+2 }. This completes the proof of Lemma 4.
and S 1 , S 2 , . . . , S r be subsets of T k with
Suppose that
Proof. By Lemma 3 we have
By (1) we have
By (3) we have
This completes the proof of Lemma 5.
Remark. In the application, we need only to give
It is natural to take b being the least integer in the set
4 Conjecture 2 for k = 3
In this section we prove that Conjecture 2 for k = 3 is true. We have and
Lemma 2 we may assume that a ∈ T 3 ∩ B 3,l (a). By Lemmas 1 and 2, Conjecture 2 is true for k = 3 and a ∈ {−1, 1, 7, 11}.
By Lemma 4 and the remark of Lemma 5, it is enough to give U i ∪ S i
(1 ≤ i ≤ r) which satisfy Lemma 5 for a ∈ {13, 17, 19, 23}.
Case 1: a = 13, 17, 19. Let U 1 ∪ S 1 = {8, 9, 5, 7, 11, 13, 17},
This completes the proof of Conjecture 2 for k = 3.
Proof of Theorem 1
Let We will prove that for 55
Let H 1 be the set of all primes together with 1. Let
For 55 ≤ n ≤ 83, we have
we have 2 4 , 51 ∈ A(n, 3). Since 2 4 , 51, 7, 11 are coprime each other,we have either 7 / ∈ A(n, 3) or 11 / ∈ A(n, 3). By |A(n, 3) ∩ H 2 | = 3 we
If 7 ∈ A(n, 3) or 11 ∈ A(n, 3), then by 2 4 , 3 × 17 ∈ A(n, 3) we have
Now Theorem 1 follows from Theorem 4 and Conjecture 2.
6 Conjecture 2 for k = 4
In this section we prove that Conjecture 2 for k = 4 is true. We have (1 ≤ i ≤ r) which satisfy Lemma 5 for a ∈ T 4 with a ≥ 17. 
